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Abstract. The aim of this paper is to present the stochastic Poisson equations as- 
sociated to Lie algebroids. The obtained results are used for determination of stochastic 
Poisson equations associated to a refinement of a principal bundle having the afhne group 
as structurgroup and defined by the linear group. □ 

1 Introduction 

The stochastic Poisson equations has been introduced by J. -M. Bismut in [3] 
for Brownian motions. These have extended for semimartingales in [5]. In the paper 
[8] suggest to the study of stochastic Poisson equations on Lie algebroids, to have 
care in that the dual space of the algebroid is endowed with a Poisson structure. 

In this paper we give an answer of the above question and one obtains in a 
canonical way the stochastic Poisson equations on Lie algebroids. These results are 
used for to write the stochastic Poisson equations associated to the principal bundles 
which compose a tissue defined by the principal bundle of affine tangent frames on 
a manifold and the sequence GA{n,'R) D GL(n, R) D {e = (5])} , studied by Dan 
I. Papuc in [9] (1972; MR 53 # 4058) and Dan I. Papuc and Ion P. Popescu in [10] 
(1973; MR 57 # 13739). For more details concerning the tissues and refinements of 
a differentiable principal bundles defined by closed subgroups of the structure group 
can be consult the paper [7] ( Gh. Ivan and D. Opri§, 2002; MR 2005 b: 55032) and 
the references. 

The paper is structured as follows. In Section 2, some basic facts on manifold 
valued semimartingale and stochastic Poisson equations are reviewed. In Section 3 
are established the stochastic Poisson equations on a Lie algebroid. The stochastic 
Poisson equations associated to a refinement of principal bundles defined by the 
affine group and linear group are described in Section 4. 

The study realized in this paper may be extended to other manifolds which are 
equipped with Poisson structures. 

Throughout this paper all the geometrical objects like, manifolds, maps and 
functions always be assumed to be smooth. 



^AMS classification: 60H10, 53D17, 55R05. 
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2 Manifold valued semimartingale and stochastic Pois- 
son equation 

We recall the minimal necessary backgrounds on stochastic differential ge- 
ometry (for notation, concepts and further details see [3], [8]). 

Let M be a smooth manifold of dimension n. A continuous M— valued stochas- 
tic process F defined on the filtered probability space (O, 3", P, {3~t}t>o) is called a 
semimartingale if, for any / € C°°(M), the process / o F is a real valued semi- 
martingale. 

Let now y be a real vector space of dimension r. Let (M, {•, •}) be a Poisson 
manifold, X : x il. V a semimartingale that takes values on V with Xq = 
( Xq is the initial value oi X ), and h : M —?■ V* is a smooth function (V* denotes 
the dual ofV). 

Let {e"|a = l,r} be a basis of V* , and h ^ V* such that h = hae"". 
The Hamiltonian equation with stochastic component X , and Hamiltonian func- 
tion h, is the Stratonovich differential equation: 



We will refer to T as the Hamiltonian semimartingale associated to h with initial 
condition 70, (|8]). 

Proposition 2.1. (I8l) Let (M, {•, •}) be a Poisson manifold, X : R_|_ x Q ^ V a 
semimartingale and h : M V* a smooth function. Let Tq be a 3^q— measurable 
random variable and the Hamiltonian semimartingale associated to h with initial 
condition Tq. Let be the corresponding maximal stopping time. Then, for any 
stopping time r < the Hamiltonian semimartingale F'* satisfies 



6r'' = H{x,r'')6X, 



(2.1) 



defined by the Statonovich operator H{v, z) : T^V T^M given by 



H{v,z)u =< e",n > Xh,{z). 



(2.2) 



T T 



fK)) - /(rfo)) 








for all f G C°°(M). 



Prom (2.3) follows 



T 



T 



x^(Ff,))-xXFfo)) 



/ 












for i = l,n,a,b = 1, r 
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The relations (2.4) can be written in the fohowing form: 

dx^ = {x^hajdX" + {{x\ha},hb}d[X'',X^], i = i;^,a,b = l~F. (2.5) 

Let (M, {•,•}) be a Poisson manifold and the smooth functions ha € C°°{M), a = 
0, l,2,...,r. Let h : M ^ YC'^^ be the Hamiltonian function and consider the 
semimartingale X : R+ x f2 — > R''+-'^ given by X{t,u}) = {t,Bl{uj), ...,Bl{uj)), 
where i?'*,a = l,r are r— independent Brownian motions. Levy's characterization 
of Brownian motion shows ([4]) that [B"-, B\ = tS"''^. 

In this setup, the equation (2.3) reads 

/(rf,))-/(rfo))= J {{f,ha}iT'')dX'' + 5'''{{f,ha},h})dt + j{f,ha}dB\ (2.6) 


dx' = {{x'M} + 5''\{x\ ha}, h})dt + {xS /^4d5^ (2.7) 

for i = l,n, a,b = 1, r. 

These equations have been studied by Bismut in [3j in the particular case in 
which the Poisson manifold (M, {•, } is just the symplectic Euclidean space R^" 
with the canonical symplectic form. 

Proposition 2.2. Let (R", {•, •}) he a Poisson manifold with {x^,x^} = iC^x^, and 
ha = OiaiX^, a = l,r with aai € R. The equation (2.7) is given by 

dx' = (Ay ^ + 5''''aajabk^^kl,)x'dt + aajh'^x'dB\ (2.8) 

for i,j,k,e,p = l~n, a,b =T~r. 

The equations (2.8) are called the stochastic Poisson equations associated to 
Poisson manifold (R", {•,•})• 

Applying the relations (2.8) for the Poisson structures defined on R^,R^,R^ 
one obtains the stochastic Poisson equations for the rigid body on 50(3), 50(2, 1), 
heavy top etc. (p]). 

3 Stochastic Poisson equations associated to a Lie alge- 
broid 

The theory of Lie algebroids has recently proved to be extremely fruitful in 
tackling some problems in the context of geometric mechanics ([8]). Recall that the 
dual of a Lie algebroids admits a canonical Poisson structure and, therefore, one can 
naturally consider Hamiltonian systems on them. According to the results and the 
acceptance of this new formalism we shall investigate the consequences of having 
stochastic processes taking values on their duals for mechanical purposes. 
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A Lie algehroid A over a manifold M is a vector bundle tt : A ^ M together 
with a Lie algebra structure [•, •] on the space of sections Sec{A) and a bundle map 
b : A ^ TM ( called anchor map) such that: 

(i) the induced map b : Sec{A) Sec{TM) = X(M) is a homomorphism of Lie 
algebras; 

(ii) for any 01,02 € Sec{A) and smooth function / € C°°{M), the Leibniz 
identity holds: 



For a Lie algebroid {E,tt,M, [•, •],&), we consider the manifold M of dimension 
n and denote the rank of the vector bundle A with r. Recalling the construction of 
a canonical Poisson bracket on the dual A* of the vector bundle A (p]). If one fixes 
local coordinates {x^),i = l,n over a trivializing neighborhood U <Z M and choose a 
basis of local sections {eQ,|a = l,r} of the vector bundle A, then the corresponding 
local coordinates on A are denoted by = l,n,a = l,r. 

The local expression of a section a G Sec{A) with to respect the basis {ca} is 
a = a^Ca, with a" € C°°{U), a = l,r. Since e^ £ Sec{A), we have b{ea) G X(C/) 
and [ca^ep] G 5ec(^). Then there exists the functions ftLiC'^a G C°°{U) such that: 



The functions 6a,C2^ E C°°{U) given by the relations (3.2) are called the structure 
functions of the Lie algebroid {E, [•,•], 6) with to respect the chosen local coordinates 
system. 

The defining relations for a Lie algebroid translate into certain partially differ- 
ential equations involving its structure functions. 

One define a Poisson structure on A* as follows. Let {(,a} the linear coordinates 
on the fibers of A* associated with the basis of local sections eQ,,a = l,r. The 
Poisson bracket {•, •} on C°^{A*) is defined by 



A^^={x\x^} = 0, Aj, = {x^e4 = &L, Kf^ = {^a,^p} = Cl^C^, (3.3) 



for i,j = l,n, a,/3,7 = l,r. 

One checks that this bracket is independent of the choice of local coordinates 
and basis. 

Let a G Sec{A) be a section of the vector bundle A. Then it defines in a natural 
way a function : A* — )• R which is linear in the fibers and is given by 



[ai, /a2] = /[ai, 02] + 6(ai)(/)a2. 



(3.1) 




for a, /3, 7 = 1, r. 



for i = l,n, a = l,r 



(3.2) 



a"(2;)e 



a = l,r. 



(3.4) 
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Proposition 3.1. (12]) The assignement a ^ fa defines a Lie algebra homomor- 
phism {Sec{A),[-, ■]) — > {C°° (A*), {■,-}). Moreover, the Hamiltonian vector field 
associated with fa is given by 



(I (in if 



Let be the functions : A* — )• R for each s = l,p, where 



/s(x,^) = a"(x)^„, a = l,r. 



(3.6) 



Using the relations (3.3) and (3.6), from (2.7) we obtain the stochastic Poisson 
equations associated to h : A* H and fs, s = l,p, given by 



dia 



+ 6^''hla^s^%ai))dt + V.a^dB^ 



dh 



dh 



d_ i da], 
^dx^^ "dx 



(3.7) 



da^ ■ da^ 



Let the tangent bundle TM M and cotangent bundle T*M M. The total 
space of the vector bundle T*M ® A* has the Poisson structure {■,•}, defined by 



A*^' = {x\x^ = 0, a;. = = 5], K = {x\ic.}, 



(3.8) 



Proposition 3.2. The stochastic Poisson equations defined by h : T*M © ^* ^ R 

and functions gs '■ T*M © j4* — )• R, s = l,p, given by 



' 9s{x,p,£,) = a'^{x)Ca + dlpi, s = l,p, 
hix,p,0 = ^A;*-'(x)p^Pi + A;-(x)M„ + ifc"^(x)eae/3, 



(3.9) 
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are 



dx' = (k'^ +biy'')pj + {k'^ + bi,k''P)pp + 6'''{di + biaZ)■ 
.A.{al+bia<^)+{d^,+bl^a'^)dB^it), 

Bd°' Bo"" Bd^ (9(7* 

(3.10) 



4 Stochastic Poisson equations associated to refine- 
ment of a principal bundle having the affine group 
as structure group 

We start with some definitions and results of that we will use later. 

Let TTc : P — > M be a left principal bundle with the Lie group G as structure 
group, where M = P/G. Let S the Lie algebra of the Lie group G. The associated 
bundle with standard fibre S, where the action of G on S is the adjoint action is called 
the adjoint bundle and it is denoted by 9'^ = AdG{P). We let ttg : S*^ ^ = P/G 
denote the projection given by ttgCI^j^Jg = [i]g- 

Consider now the bundle TM (8) S*^ M and we assume that is given a ( 
principal) connection A'^ on the principal bundle ttq '■ P — > M, determined by 
the local functions {^?(x)} on M. Given the basis {ea\a = l,p} for the Lie algebra 

B 

5 having {C? } as structure constants, one obtains the local basis {-—^,£a} for 

_ ox* 

Sec{TM g*^) such that [ea,£b] = C^b^c- 

The corresponding covariant derivative V'^'^^ of a section ^ = ^"e^ and X € 
SeciTM) reads 

Vf ^ =X*(g + Q,^f^n^a. (4.1) 
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^ aG 

The curvature B of the connection A is given by 

= \M''dx' A dx^Ea, where (4.2) 

Let © |j G Sec{TM © g*^), i = 1,2 be given two sections. Then 

[Xi e?i,X2 e?2] = [^1,^2] e v^^^ - v£6 - ^^''(Xi.Xa) + (4.4) 
a 

For I — ^ © £o) i = l,n, a = l,p we have 

e £„, ^ © 8;.] = (CiA'''^ - CiAf^ - Bf^ + C',,)ea. (4.5) 

Let (x*,x*,,^") the local coordinates ofTM©g'^and {x"^ ,pi, fia) the local coordinates 
of T*M © 9*^*- The structure Poisson on T*M © 9*^' is given by 

r {a;\x^} = 0, {xSpj} = 5j, = ^^^^ 

1 {Pi, IJ-a} = -C^A^Hd, {/ia, IJ-b} = C^bl^c, {x\ IJ-a} = 0. 

Using the method for determination of Poisson equations in the case of Lie algebroids 
one obtains the following proposition. 

Proposition 4.1. The stochastic Poisson equations defined by the functions h : 
T*M © 9^* ^ R and f : T*M © 9^* ^ R with f{x,p, n) = a^{x)pj + d"-{x)na are 

-{Bf^fXca' + CifXdAtd'^)dB{t), (4-7) 

d/Ia = (C,^„//d^^^— + C>e^ + {K,/},/})di+ 
Opj Oflb 

+{Ct,XdA']a^ + Cl,ix,d^)dB{t). 

Let TTc '■ P M = P/G the principal bundle with the structure group G. 

We assume that is given a sequence K2 = (G D X D {e}) of closed subgroups 
of G. If we denote r/ = {P,ttg,M = P/G,G), then the pair {r],3^2) determines a 
refinement (r/; r/01, ??i2) of rj defined by K, where r/oi = {P/K,TrGK,M,G/K,G/N) 
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and r/12 = {P,ttk, P/ K, K), and N is the largest normal subgroup of G included in 
K ( see Papuc [9], Ivan and Opri§ [7]). 

Let and two connections on P given by the forms A^ : TP — > S, '■ 
TP — )• %, where S resp., JC is the Lie algebra of G resp., K. 

Let the adjoint bundles S*^ = ^c?g(-P) and = j4cii4:(P). The vector bundles 
TMeS'^ ^ M and T{P/K)®%^ P/K are called the reduced bundles associated 
to refinement defined by the pair {r],J^2)- 

Let us we apply the above considerations in the case when the group G = 
GA(n, R) is the affine group and K = GL{n, R) is the linear group. We obtain thus 
the sequence = {G = GA{n, R) D K = GL(n, R) D {e}). The Lie algebra g of G 
has the base {e* , e-,- } and we have [e* , e^] = <5fce^— (^je^, [e* , Cfc] = (^^ej, [cj, e-,] = 0. 
The Lie algebra % K has the base {e* } and we have [e* , e^] = 5^e^ — (5^e^. 

Let TiG '■ P ^ M the principal bundle having the affine group G as structure 

group and the local coordinates on P. The base of sections of the vector 

~ ■ d d 

bundle 9*^ — > M is e* = Uj-Q-j^, £j = 



h 

j Qyh ■ 



Let A'-' a connection on the principal bundle ttq : P ^ M given by the functions 
on M. From (4.1) follows 



B 



dx^ 

AG 



1 



(4.8) 



^{Blj^jdx'- A dx^ (g) + B-jdx' A dx^ (g) e^) 



Let {x^ ,pi, fx^, fii) the local coordinates on T*M © S*^ • The structure Poisson is 
given by the following relations 



{x\xj} = 0, {x\nl} = 0, {x\ fif,} = 0, {fii, fij} = 0, 
{x' ,Pj} = 6j, {pi ,pj} = -Bl-.fil - Bfjfie, 



(4.9) 



Using the method for determination of Poisson equations in the case of Lie algebroids 
one obtains the following proposition. 



Proposition 4.2. The stochastic Poisson equations defined by the functions 
h : T*M © 9'^* ^ R and f : T*M © 9'^* ^ R with 

f{x\pj,ni,^ie) = a\x)pj + d'l{x)fii + g\x)fie 
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are 



dx' 
dpi 



^ dm 



-^f^fc)^ + ^kil^Pd^) + {{Pi^f}^f})dt + {Pi,f}dB{t), ^4 -LQ) 

+WkJ}J})dt + {^xlf}dB{t), 

{-A^^ix^a^ - m^'A + {{m. /}, f})dt + {m, f)dB{t). 



Let T^K '■ P P/K the prineipal bundle having the affine group K = GL{n, R) 
as structure group and the local coordinates on P/K. The base of sections 

~ d 
of the vector bundle P/K is £j = Vj-Q-j^- 

Let a connection on the principal bundle ttk ■ P P/K given by the 
functions {A^j,B^j) on P/K. Prom the relations (4.1) follows: 



dx^ 



^{Bl^jdx'- A dx^ + Bl^jdq^ A dq^ + Bl^^dx' A dq^) ® Eg. 



(4.11) 



Let {x\ q'' , x'' , q\ ^l) the local coordinates on T{P/K) (B OC^ and {x\q'',pi, Xi, fij,) 
the local coordinates on T* {P/ K) ® . The structure Poisson is given by the 
following relations: 



' {x\x^} 


= 0, 


{x\q^} = 0, 


{x\p,} = 6^j, {x\Xj} = S'^, 




= 0, 


{q\q'} = 0, 


{q\Pj} = 0, {q\Xj} = 0, 




= 0, 


{PuPj} = -^Biijul, {pi, Xj} = -^Biijfi'l 


{Pi,f^k} 


= K 




{Xi, Xj} — --Bl^jfi^, 











(4.12) 



Using the method for determination of Poisson equations in the case of Lie algebroids 
one obtains the following proposition. 
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Proposition 4.3. The stochastic Poisson equations defined by the functions 
h : T*{P/K) ® ^Randf: T*{P/K) ® X^' R with 

f{x\ q\pj, Xj, fxl) = a^{x, q)pj + d^{x, q)Xj + gi{x, q)iJL] 

are 



(4.13) 



dx' = i-^^+{{x\f},f})dt + {x\f}dB{t), 

+{{PiJ}J})dt + {Pi,f]dB{t), 
Bh 

dq' = {Q^^+{{q\f}J})dt + {q\f}dB{t), 
+{{hJ}J})dt + {Xi,f}dB{t), 

+(5^, - 5ln^)^ + {{nlf}.f})dt + {ni,f}dB{t). 

The study of equations (3.10), (4.7), (4.10) and (4.13) enable by choosing of the 
functions h and /„. 
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